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Theorem (Gauss–Lucas)

Let z1, . . . , zJ be the (distinct) zeros of a polynomial p. Then all zeros of p′(z) lie inside the convex
hull of {z1, . . . , zJ}.

Proof of the Theorem. Writing p(z) = ad
∏J

j=1(z − zj)mj , logarithmic differentiation gives

p′(z)
p(z) =

J∑
j=1

mj

z − zj
=

∑
j

mj
z − zj

|z − zj |2
.

If z0 is itself a multiple root of p, there is nothing to prove: z0 ∈ {z1, . . . , zJ} ⊂ H. (By the Proposition
established when discussing roots and multiplicity (in the companion note), a common root of p and p′ is
automatically a multiple root of p – a simple root of p has order 0, i.e. is not a root at all, in p′ – so this
covers every root z0 of p′ with p(z0) = 0.) Otherwise, suppose z0 is not a root of p, but is a root of p′.
Then p′(z0)/p(z0) = 0, i.e.,

∑
j

mj
z0 − zj

|z0 − zj |2
= 0, so z̄0 =

∑
j

µj z̄j , µj := mj/|z0 − zj |2∑
i mi/|z0 − zi|2

.

Conjugating, z0 =
∑

j µjzj with µj ≥ 0 and
∑

j µj = 1. So z0 ∈ H. □

1


